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Abstract

In this paper, thermal characteristics of natural convection in a rectangular cavity heated from below with water-based nanofluids
containing alumina (Al2O3 nanofluids) are theoretically investigated with Jang and Choi’s model for predicting the effective thermal con-
ductivity of nanofluids and various models for the effective viscosity. To validate theoretical results, we compare theoretical results with
experimental results presented by Putra et al. It is shown that the experimental results are put between a theoretical line derived from
Jang and Choi’s model and Einstein’s model and a theoretical line from Jang and Choi’s model and Pak and Cho’s correlation. In addi-
tion, the effects of the volume fraction, the size of nanoparticles, and the average temperature of nanofluids on natural convective insta-
bility and heat transfer characteristics of water-based Al2O3 nanofluids in a rectangular cavity heated from below are theoretically
presented. Based on the results, this paper shows that water-based Al2O3 nanofluids is more stable than base fluid in a rectangular cavity
heated from below as the volume fraction of nanoparticles increases, the size of nanoparticles decreases, or the average temperature of
nanofluids increases. Finally, we theoretically show that the ratio of heat transfer coefficient of nanofluids to that of base fluid is
decreased as the size of nanoparticles increases, or the average temperature of nanofluids is decreased.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

As diverse industrials including microelectronics, trans-
portation, and manufacturing become more advanced,
cooling technology is one of the most important challenges
[1]. The recent discovery of ‘‘nanofluids”, which is a new
kind of fluid suspension consisting of uniformly dispersed
and suspended nanometer-sized (10–50 nm) particles and
fibers in base fluid, proposes next approach as cooling tech-
nology. This is because nanofluids have fascinating fea-
tures. One of them is that nanofluids have anomalous
high thermal conductivity at very low nanoparticles con-
centration [2–7] and considerable enhancement of forced
convective heat transfer [8–11]. So many investigators have
experimentally studied flow and thermal characteristics of
nanofluids. Especially, to understand buoyancy-driven
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heat transfer of nanofluids in a rectangular cavity several
investigations have been theoretically and experimentally
conducted.

Putra et al. [12] conducted the experiment for observa-
tion on the natural convective characteristics of water-
based Al2O3 nanofluids. They reported that the presence
of nanoparticles suspended in base fluid systematically
deteriorates the natural convective heat transfer with
increasing nanoparticle concentration. The degradation of
natural convective heat transfer with increasing particle
concentration characterized by decreasing the Nusselt
number for a given Rayleigh number was experimentally
observed. However, they did not clearly explain why natu-
ral convective heat transfer in a cavity is decreased with the
increment of the volume fraction of nanoparticles. Kim
et al. [13] analytically researched the convective instability
driven by buoyancy and heat transfer characteristics of
nanofluids with theoretical models which are used to esti-
mate properties of nanofluids. They chose both Einstein’s
model [14] and Brinkman’s model [15] for predicting the
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Nomenclature

CP specific heat (kJ/kg K)
d equivalent diameter (m)
f volume fraction
g gravitational acceleration (m/s2)
h heat transfer coefficient (W/m2 K)
H height of a rectangular cavity (m)
k thermal conductivity (w/m K)
Nu Nusselt number
Pr Prandtl number
Ra Rayleigh number
Re Reynolds number
T temperature (K)

Greek symbols

a thermal diffusivity (m2/s)
b volumetric expansion coefficient (K�1)
j constant related to Kaptiza resistance
l viscosity (N s/m2)
m kinematic viscosity (m2/s)
q density (kg/m3)

Subscripts

eff nanofluids
f base fluid
nano nanoparticle
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effective viscosity of nanofluids, and both Hamilton and
Crosser’s model [16] and Bruggeman’s model [17] for the
effective thermal conductivity of nanofluids. However, it
is reported that the models used by Kim et al. [13] cannot
predict the effective viscosity and the effective thermal con-
ductivity of water-based Al2O3 nanofluids [6,18,19].
Khanafer et al. [20] numerically investigated buoyancy-dri-
ven heat transfer enhancement in a two-dimensional enclo-
sure utilizing nanofluids. In their numerical model, they
utilized Brinkman’s model [15] for evaluating the effective
viscosity of nanofluids, and Wasp’s model [21] for the effec-
tive thermal conductivity. In comparison with results from
Kim et al. [13], although they used the same model for the
effective viscosity and the similar model for the effective
thermal conductivity, their numerical results are different
from theoretical results of Kim et al. [13]. In addition, they
show that as the volume fraction of nanoparticles
increases, velocity components of nanofluids in a cavity
increase as a result of an increase in the energy transport
through the fluid. So, their paper shows the Nusselt num-
ber for the natural convection of nanofluids is increased
with the volume fraction. These results are not consistent
with experimental results presented by Putra et al. [12].

In this paper, as shown in Fig. 1, we investigate natural
convective instability and heat transfer characteristics of
water-based Al2O3 nanofluids in a rectangular cavity
heated from below. To obtain the properties of nanofluids
we use following models: Jang and Choi’s model [6] well
H

TH

TL

Fig. 1. Natural convection (Benard convection) in a rectangular cavity
heated from below.
predicting characteristics of the effective thermal conduc-
tivity of nanofluids, Einstein’s model [14], Brinkman’s
model [15], Brownian motion effect’s model [22], and an
experimental correlation suggested by Pak and Cho [19]
for the effective viscosity, and Mixing theory [23] for effec-
tive density and specific heat. We compare natural convec-
tive heat transfer characteristics resulted from our
theoretical model in a rectangular cavity with experimental
data of Putra et al. [12] to validate theoretical results.
Moreover, we try to explain why natural convective heat
transfer in a cavity is decreased with increasing the volume
fraction of nanoparticles. Finally we present the effects of
the volume fraction, the size of nanoparticles, and the aver-
age temperature of nanofluids on natural convective insta-
bility and heat transfer characteristics of water-based
Al2O3 nanofluids in a rectangular cavity heated from
below.

2. Instability of natural convection in a rectangular cavity

Natural convection of classical fluid in a rectangular
cavity heated from below has been considered by many
investigators [24–31]. The Rayleigh number, the most
important dimensionless parameter indicating onset of nat-
ural convection, is known as the ratio of the buoyancy
force to the viscous force acting on the fluids. In the case
without Marangoni effect [32] which is related to surface
tension at the interface and Soret effect [33] which indicates
coupling effect between temperature gradient and mass
concentration gradient, the critical value of the Rayleigh
number for a normal Newtonian fluid in a rectangular
cavity heated from below is given by

RaH;C ¼
gbDTH 3

am
¼ gbDTH 3

kfm
qCP ¼ 1708 ð1Þ

where CP, g, kf, b, m, and q are specific heat, gravitational
acceleration, thermal conductivity of fluids, volumetric
expansion coefficient, kinematic viscosity, and density,
respectively. When the Rayleigh number is more than a
critical value of RaH,C = 1708 in a rectangular cavity
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heated from below, buoyancy forces can overcome the
resistance imposed by viscous forces and then, there is nat-
ural convection within the cavity [34].

Because a Newtonian behavior of water-based Al2O3

nanofluids is confirmed by Das et al. [7], we can estimate
a critical value of the Rayleigh number in a rectangular
cavity heated from below including nanofluids such as
water-based Al2O3 [13,35].

RaH;eff ¼ RaH;f

kf

keff

Cp;eff

Cp;f

lf

leff

qeff

qf

� �2 beff

bf

> 1708 ð2Þ

where keff, Cp,eff, leff, qeff and beff are effective thermal
conductivity, specific heat, effective viscosity, density, and
volumetric expansion coefficient of nanofluids, respec-
tively. As shown in Eq. (2), in order to evaluate the ratio
of the Rayleigh number of nanofluids to that of base fluid,
we need to understand relationship of thermal conduc-
tivity, specific heat, viscosity, density and volumetric
expansion coefficient between nanofluids and base fluid,
respectively.
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2.1. Effective thermal conductivity of nanofluids

The discovery that thermal conductivity of nanofluids is
much higher than predictions was most intriguing. In order
to compute the thermal conductivities of fluid/particle mix-
tures, many researchers have used various theoretical mod-
els such as modified traditional models [16,17], nanolayers
model [36], Brownian-motion-induced nanoconvection
model [6,37,38] and so on. In this paper, Jang and Choi’s
model [6] which can predict the enhancement of the
effective thermal conductivity for nanofluids in terms of
nanoparticles’ concentration-dependency, nanoparticles’
size-dependency and temperature-dependency is used for
evaluating the effective thermal conductivity of nanofluids.
This is because the effective thermal conductivity models
used by Kim et al. [13] and Khanafer et al. [20] cannot
predict the effects of the size of nanoparticles and the
average temperature of nanofluids on the enhancement of
the effective thermal conductivity, although the models
are able to predict the effect of the volume fraction of nano-
particles on the enhancement of the effective thermal
conductivity of nanofluids. The effective thermal conduc-
tivity of nanofluids presented by Jang and Choi [6] is
expressed as

keff

kf

¼ ð1� f Þ þ jkapitza

knano

kf

f þ C1

3d f

dnano

Re2
dnano

Prff ð3Þ

where C1, jkapitza, f, and knano are a proportional constant,
a constant related to Kapitza resistance, volume fraction
and thermal conductivity of nanoparticle, respectively.
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Fig. 2. Comparison between experimental data and theoretical results.
2.2. Effective viscosity of nanofluids

The ratio of effective viscosity of nanofluids to that of
base fluid is calculated by four models.
Einstein’s model [14]

leff

lf

¼ ð1þ 2:5f Þ for f < 0:05 ð4Þ

Brinkman’s model [15]

leff

lf

¼ 1

1� fð Þ2:5
ð5Þ

Brownian motion effect’s model [22]

leff

lf

¼ 1þ 2:5f þ 6:17f 2 ð6Þ

Pak and Cho’s Correlation [19]

leff

lf

¼ 1þ 39:11f þ 533:9f 2 ð7Þ

Fig. 2 shows that theoretical results from above models,
(4)–(7) are compared with experimental results from
previous investigations on the effective viscosity of Al2O3

nanofluids. As shown in Fig. 2, while the results of
Einstein’s model [14], Brinkman’s model [15] and Brownian
motion effect’s model [22] are similar, those of Pak
and Cho’s correlation [19] present relatively lager value
under the fixed volume fraction. The experimental results
of Wang et al. [39] are measured by a viscometer, and
those of Lee at al. [18] are obtained by measuring the
pressure drop and the volume flow rate in a capillary tube.
As shown in Fig. 2, the experimental results are less than
prediction of Pak and Cho’s correlation [19] and larger
than others [14,15,22]. So, in this paper to understand
buoyancy-driven heat transfer of water-based Al2O3

nanofluids in a rectangular cavity we use two models for
calculating the effective viscosity of nanofluids. One is
Einstein’s model [14] and the other is Pak and Cho’s corre-
lation [19].
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2.3. Specific heat, density and volumetric expansion

coefficient of nanofluids

Specific heat, density and volumetric expansion coeffi-
cient of nanofluids are predicted by mixing theory
[13,23,35].

Cp;eff

Cp;f

¼ ð1� f Þ þ f
Cp;nano

Cp;f

ð8Þ

qeff

qf

¼ ð1� f Þ þ f
qnano

qf

ð9Þ

beff

bf

¼ 1� f ð10Þ

Based on Eqs. (2)–(10), the ratio of the Rayleigh number of
nanofluids to that of base fluid is given by

RaH;eff

RaH;f

¼ kf

keff

Cp;eff

Cp;f

lf

leff

qeff

qf

� �2 beff

bf

¼ ð1� f Þ þ kkapitza

knano

kf

þ C1

3d f

dnano

Re2
dnano

Prf f
� ��1

� ð1� f Þ þ f
Cp;nano

Cp;f

� �
ð1� f Þ þ f

qnano

qf

� �2

1� fð Þ leff

lf

� ��1

ð11Þ
By substituting Einstein’s model [14], or Pak and Cho’s
correlation [19], into Eq. (11), we can obtain the critical
value of the Rayleigh number for water-based Al2O3 nano-
fluids as limiting cases. Based on the results, we investigate
the effects of the volume fraction, the size of nanoparticle
and the average temperature of nanofluids on natural con-
vective instability of water-based Al2O3 nanofluids in a
rectangular cavity heated from below.

3. Heat transfer characteristics of natural convection in a

rectangular cavity

In classical fluid, Globe and Dropkin [40] proposed the
heat transfer coefficient of natural convection in a cavity
heated from below.

NuH ¼
hf H
kf

¼ 0:069Ra1=3
H;fPr0:074

f ;

3� 105 < RaH;f < 7� 109 ð12Þ

where hf and Prf are heat transfer coefficient and Prandtl
number, respectively. Based on Eq. (12), the Nusselt num-
ber for natural convection in a rectangular cavity with
water-based Al2O3 nanofluids can be driven by [35]

NuH;eff ¼
heffH
keff

¼ 0:069Ra1=3
H;eff Pr0:074

eff ;

3� 105 < RaH;eff < 7� 109 ð13Þ

where heff and Preff are heat transfer coefficient and Prandtl
number for nanofluids, respectively. The Prandtl number
of nanofluids can be derived by the definition of the
Prandtl number.
Preff

Prf

¼ leff

lf

Cp;eff

Cp;f

kf

keff

ð14Þ

With Eqs. (12)–(14), we can theoretically obtain the ratio
of heat transfer coefficient of nanofluids to that of base
fluid in a rectangular cavity with natural convection.

heff

hf

¼ Nueff

Nuf

� keff

kf

¼ keff

kf

RaH;eff

RaH;f

� �1=3 Preff

Prf

� �0:074

¼ keff

kf

� �0:593 Cp;eff

Cp;f

� �0:407 leff

lf

� ��0:259 qeff

qf

� �2=3 beff

bf

� �1=3

ð15Þ

Based on Eq. (15), we investigate the effects of volume frac-
tion, the size of nanoparticles and the average temperature
of nanofluids on the ratio of heat transfer coefficient of
nanofluids to that of base fluid in a rectangular cavity with
natural convection.

4. Validation

Before investigating the effects of the volume fraction,
the size of nanoparticle and the average temperature of
nanofluids on natural convective instability and heat trans-
fer coefficient of water-based Al2O3 nanofluids in a rectan-
gular cavity heated from below, we compare theoretical
results using the effective viscosity model and the effective
thermal conductivity used in this paper with experimental
results presented by Putra et al. [12]. Fig. 3 shows that
experimental and theoretical data have similar tendency.
Especially, experimental data presented by Putra et al.
[12], are put between a theoretical line derived from Jang
and Choi’s model [6] and Einstein’s model [14] and a theo-
retical line from Jang and Choi’s model [6] and Pak and
Cho’s correlation [19]. Based on theoretical results, we
investigate natural convective instability and heat transfer
characteristics in terms of engineering important para-



Table 1
Material properties of fluids and nanoparticles [6,34]

300 K 305 K 310 K 315 K 320 K 325 K

Al2O3

Mean free path (nm) 35 34.43 33.87 33.33 32.81 32.31
Bulk thermal conductivity (W/m K) 42.34 41.66 40.99 40.31 39.62 38.94

Water

Thermal conductivity (W/m K) 0.613 0.620 0.628 0.634 0.640 0.645
Mean free path (nm) 0.739 0.742 0.745 0.746 0.747 0.747
Viscosity (N s/m2) 0.855 � 10�3 0.769 � 10�3 0.695 � 10�3 0.631 � 10�3 0.577 � 10�3 0.528 � 10�3

Prandtl number 5.83 5.2 4.62 4.16 3.77 3.42
Density (kg/m3) 997 995 993 991 989.1 987.3
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Fig. 4. Effect of the volume fraction on the ratio of the Rayleigh number.
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meters such as the volume fraction, the size of nanoparti-
cles and the temperature using Table 1.

5. Results and discussion

5.1. Natural convective instability in a rectangular cavity

Using the above-mentioned simple correlation, Eq. (11),
we investigate natural convective instability of water-based
Al2O3 nanofluids and the effects of the volume fraction, the
size of nanoparticles, and the average temperature of nano-
fluids on the ratio of the Rayleigh number of nanofluids to
that of base fluid. In order to explain the physical meanings
of theoretical results, we consider the conservation equa-
tions for mass, momentum and energy with scale analysis
presented by Bejan [41]. From the scale analysis, we can
obtain the friction force per unit mass and the buoyancy
force per unit mass under the fixed geometry and tempera-
ture difference between top and bottom of a rectangular
cavity.

Viscous force :
m

H 3

k
qCp

ðN=kgÞ ð16Þ

Buoyancy force : gbDT ðN=kgÞ ð17Þ

The Rayleigh number indicates the relative magnitude of
the buoyancy and viscous forces in the fluid. When buoy-
ancy forces can overcome the resistance imposed by vis-
cous forces and then, natural convection occurs within
the rectangular cavity.

As shown in Fig. 4, as the volume fraction of Al2O3

nanoparticles increases, the ratio of the Rayleigh number
of nanofluids to that of base fluid decreased. The reason
is that the viscous force of nanofluids in a rectangular cav-
ity heated from below increases with the volume fraction of
nanoparticles due to the enhancement of the effective ther-
mal conductivity of Al2O3 nanofluids based on Eq. (16).
This phenomenon was experimentally reported by Putra
et al. [12]. In particular, under the fixed volume fraction
of nanoparticles, the value of Rayleigh number of nanofl-
uids resulted from Pak and Cho’s correlation [19] is smaller
than that from Einstein’s model [14] because the Einstein’s
model [14] predicts smaller effective viscosity of nanofluids
compared with Pak and Cho’s correlation [19].
Fig. 5 shows that the ratio of the Rayleigh number of
nanofluids to that of a base fluid increases with the size
of Al2O3 nanoparticles suspended in nanofluids. This is
because the effective thermal conductivity of nanofluids is
decreased with the increment of the size of nanoparticles
[6] and then the viscous force of nanofluids in a rectangular
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cavity is decreased under the fixed buoyancy force. As
shown in Fig. 5 the Rayleigh number of nanofluids is pre-
dicted less than that of base fluid in range of the size of
nanoparticles from 10 nm to 50 nm under the fixed geome-
try and temperature difference between top and bottom of
a rectangular cavity. The physical meaning for the results is
that water-based Al2O3 nanofluids with the size of nano-
particles from 10 nm to 50 nm are more stable than base
fluid in the cavity under the fixed geometry and tempera-
ture difference between top and bottom of a rectangular
cavity.

Fig. 6 shows that the ratio of the Rayleigh number of
nanofluids to that of base fluid is decreased as the average
temperature of nanofluids increases. We can explain the
reason as follows: Because the effective thermal conductiv-
ity of nanofluids is remarkably increased with temperature
[5,6], from Eq. (16) the viscous force of nanofluids in a rect-
angular cavity heated from below is increased and then the
Rayleigh number of nanofluids is decreased. Therefore, the
ratio of the Rayleigh number is decreased with the incre-
ment of the temperature. This means that nanofluids are
more stabilized than base fluid under the given temperature
condition.
5.2. Heat transfer characteristics in a rectangular cavity

Based on Eq. (15), the effects of the volume fraction, the
size of nanoparticles, and the average temperature of nano-
fluids on the ratio of heat transfer coefficient of nanofluids
to that of base fluid in a rectangular cavity heated from
below are theoretically investigated.

Fig. 7 shows the effect of the volume fraction on the
ratio of heat transfer coefficient of nanofluids to that of
base fluid in a rectangular cavity with natural convection.
As shown in Fig. 7, the results from Einstein’s model [14]
and Pak and Cho’s correlation [19] show different trend.
This is due to fact that the change of the ratios of thermal
conductivity, viscosity, and density is dominant in Eq. (15)
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Fig. 6. Effect of the average temperature of nanofluids on the ratio of the
Rayleigh number.
according to the volume fraction. In addition, the ratios are
increased with the volume fraction. However, the ratio of
heat transfer coefficient of nanofluids to that of base fluid
is proportional to the ratios of thermal conductivity and
density, and inversely proportional to the ratio of viscosity.
The ratios of thermal conductivity and density are more
dominant compared with the ratio of viscosity calculated
from Einstein’s model [14]. So the ratio of heat transfer
coefficient of nanofluids to that of base fluid is increased
with the volume faction as shown in Fig. 7. However, the
ratio of viscosity resulted from Pak and Cho’s correlation
[19] is more dominant than the ratios of thermal conductiv-
ity, density. So as the volume fraction increases, the ratio of
heat transfer coefficient of nanofluids to that of base fluid is
decreased.

As shown in Fig. 8, as the size of nanoparticles
increases, the ratio of heat transfer coefficient of nanofluids
to that of base fluid is decreased. In Eq. (15) the ratio of
thermal conductivity is remarkably decreased as the size
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of nanoparticles increases. However, there is no effect of
the size of nanoparticles on the ratio of viscosity in Eq.
(15). So the ratio of heat transfer coefficient of nanofluids
to that of base fluid is decreased as the size of nanoparticles
increases.

As shown in Fig. 9, as the average temperature of nano-
fluids increases, the ratio of heat transfer coefficient of
nanofluids to that of base fluid is increased. The reason
can be explained as follows: the change of the ratio of ther-
mal conductivity in Eq. (15) becomes dominant as the ratio
of thermal conductivity of nanofluids to that of base fluid
rapidly increases with the temperature [5,6]. So the ratio
of heat transfer coefficient is increased with the average
temperature of nanofluids. Especially, in comparison with
theoretical results which are estimated by Einstein’s model
[14] evaluating lower viscosity, the results by Pak and
Cho’s correlation [19] predict that the heat transfer coeffi-
cient of nanofluids is less than base fluid. But Fig. 9 shows
that the higher temperature is, the larger the heat transfer
coefficient is than base fluid.

6. Conclusion

In this paper, we investigate natural convective instabil-
ity and heat transfer characteristics of water-based Al2O3

nanofluids in the rectangular cavity heated from below
using Einstein’s model [14] and Pak and Cho’s correlation
[19] for calculating the effective viscosity of nanofluids and
Jang and Choi’s model [6] for the effective thermal conduc-
tivity. We compare natural convective heat transfer charac-
teristics resulted from our theoretical model in a
rectangular cavity with experimental data of Putra et al.
[12] to validate theoretical results. We show that experi-
mental results presented by Putra et al. [12] are put between
a theoretical line derived from Jang and Choi’s model [6]
and Einstein’s model [14] and a theoretical line from Jang
and Choi’s model [6] and Pak and Cho’s correlation [19].
In addition, the effects of the volume fraction, the size of
nanoparticles, and the average temperature of nanofluids
on natural convective instability and heat transfer charac-
teristics of water-based Al2O3 nanofluids in a rectangular
cavity heated from below are theoretically presented. The
major findings contained in this paper are as follows: the
ratio of the Rayleigh number of nanofluids to that of base
fluid is decreased, as volume fraction increases, the size of
nanoparticles decreases, or temperature increases. In other
words, natural convection of water-based Al2O3 nanofluids
is more stable than base fluid in a rectangular cavity heated
from below, as the volume fraction of nanoparticles
increases, the size of nanoparticles decreases, or the average
temperature of nanofluids increases. The ratio of heat
transfer coefficient of nanofluids to that of base fluid is
decreased as the size of nanoparticles is increased, or
the average temperature of nanofluids is decreased. In
addition, as the viscosity increases the ratio of heat trans-
fer coefficient derived with Einstein’s model [14] evaluat-
ing lower effective viscosity is increased but the ratio
derived with Pak and Cho’s correlation [19] is decreased.
Based on the results, we can estimate the ratio of heat
transfer coefficient exist between the two lines calculated
by Einstein’s model [14] and Pak and Cho’s correlation
[19].
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